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Abstract 

The Poincare invariance in the temporal gauge canonical quantiza- 
tion of QCD is shown manifestly by verifying the energy-momentum- 
vector and angular-momentum-tensor satisfy the 
Poincare algebra in the physical Hilbert space. Two different values of 
6 for the 0-term in QCD lagrangian lead to different representations 
of the Poincare group, which are, however, connected by an unitary 
transformation. Thus the parameter 9 becomes physically irrelevant 
unless we can further restrict the physical Hilbert space. 
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1 Introduction 



The speculation that QCD would have multiple vacua is based on a semiclas- 
sical consideration in terms of Euclidean functional integral. The instanton 
solutions are interpreted as the quantum tunneling between topologically dis- 
tinct n-vacua and the true vacuum is expected to be an appropriate linear 
combination of them [|, |, |, |, |, |, 0] 

\e)-Y.^'-'\n). (1) 

n 

As a result we obtain a set of vacua parametrized by a real parameter 9. The 
world of hadrons is regarded as being constructed on one of them. 

The temporal gauge (Gg = 0) have been exclusively used when this semi- 
classical speculation is embodied in terms of the canonical quantization. This 
gauge fixing condition does not suffer from Gribov's ambiguity and is the 
most convenient one for incorporating properly large field fluctuations like 
instantons |^. In this gauge, however, the Lorentz invariance or, more 
generally, the Poincare invariance of the theory is not manifest. For the mul- 
tiple vacua to be acceptable theoretically, there must be a representation of 
Poincare group in each ^-sector, the Hilbert space constructed based on each 
^^-vacuum. In this paper, we will verify the Poincare invariance of the tem- 
poral gauge quantization and discuss about the multiple vacua speculation 
from the canonical quantization view point. 

The standard way to take into account the effect of the 6'-vacuum is to 
add the Pontryagin density to the lagrangian [Q. We will canonically quan- 
tize the lagrangian with the 6'-term and show the Poincare invariance within 
the physical space, the subspace of the Hilbert space specified by the require- 
ment of gauge invariance.^ The important observation that will be shown in 
this paper is that different values of 9 in the lagrangian do not automatically 
similar investigation in the axial gauge have been done in Rcf. |]l0|] . 
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lead us to different 6'-sectors. Instead, they result in the different representa- 
tions of the Poincare group in the physical space. These representations are 
connected by certain unitary transformations. Thus, all different values of 
9 make the same physical predictions. In order to confirm the semiclassical 
speculation on the multiple vacua and examine the 6'-dependence of QCD, 
it is important to explicitly write "large" gauge transformations in terms of 
field operators. 

The Poincare invariance verified in this paper also gives a firm theo- 
retical basis to a recently formulated Lorentz invariant sum rule for the 9- 
dependence, the ^-dependence of the vacuum energy in terms of a sum over 



matrix elements of a field operator |11 



We will ignore quark contribution and consider pure gluonic QCD. This 
paper is organized as follows. The section 2 contains a review of the quan- 
tization method and description of various notations. Strictly speaking, the 
gauge we will use is not the usual temporal gauge. We will not set the tempo- 
ral components Gq of gluon fields to be zero but fix them as arbitrary given 
c-number functions. We use the term "temporal gauge" in this more general 
sense. The advantage of keeping Gq nonzero is that equations are written in 
more Poincare covariant fashion than setting Gq = 0. In section 3, we explic- 
itly verify that the energy-momentum-vector and angular-momentum-tensor 
obey the Poincare algebra when restricted in the physical space. At this 
point we assume the existence of at least one vacuum state that is invariant 
under spatial translation and rotation. Section 4 is devoted for discussion. 
The effect of Gq and 9 on physical observables will be discussed. 



2 Yang- Mills equations 

The familiar problem in quantizing gauge theory in the canonical hamiltonian 
formalism is the absence of momenta conjugate to the temporal components 
Gq. Then we cannot determine the time evolution of Gq by the Heisenberg 
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equations. The way we adopt in order to circumvent this problem is simple; 
we take Gq as given c-number functions of space-time coordinates x and 
check the independence of physical observables from Gq at the end of the 
quantization procedure. Since we fix Gq, we no longer have the freedom of 
the time dependent gauge transformation. The canonical equations of motion 
for the spatial components and their conjugate momenta vr" form now a 
closed set in the sense that the first order differential equations completely 
determine Gf{x) and 'n'fix) for all x° from any given initial configuration at 
x^ = 0. 

The QCD lagrangian with the topological ^-term read^ 

^ = -|G;:,G"^^ + O^.G^G^^-^, (2) 

where 

G% = d,Gl - O^G; + gr'^G^Gl, G''^' = ^e'^^^'^GL, (3) 

and g is the coupling constant. Following the usual procedure to get the 
canonical form of the theory, we calculate conjugate momenta 

dC 

7rt^^ = Gt- AGS - 9BI (4) 
where B"" stand for chromo-magnetic fields, 

= 2^ijkG']k, (5) 

the covariant derivative for adjoint representation, for example, 

V,A^ = d.A'' + gr'^G'^A', (6) 

^Notations: The Minkowski indices are denoted by Greek letters. Their lowering and 
raising is done by the metric = gf_,„ ~ diag(l, —1, —1, —1). e^^Aa is the four dimensional 
completely antisymmetric tensor; £0123 = — e''^^'^ — 1. Roman letters i, j, k... are for spatial 
indices and run from 1 to 3. Three dimensional e^fc is defined by £123 = 1. Roman letters 
a, b, c... denote the indices of the SU(3) adjoint representation; they run from 1 to 8. /'^''^ 
are the SU(3) structure constants and completely antisymmetric with respect to a, 6, and 
c. Repeated indices of every type are summed over. 
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and 9 = [g"^ / %tx'^)9 . The hamiltonian is then given by 

■1 / „ ^„„\2 1 



dx 



2 + est) + -Bf + <(AGS) 



(7) 



where the tilde is used to distinguish H from its gauge invariant counterpart 
H] see equations below. 

The equations of motion for the canonical fields are the Heisenberg equa- 
tions 



Gt{x) 



Titix) = i 



H, G^{x) 



(8) 
(9) 



in terms of the equal time commutation relations. The hamiltonian has an 
explicit x°-dependence through Gq. H at the same x^ is used for determining 
the time evolution of G"(x) and 7r"(x) in (||) and @. [Throughout this 
paper, our commutator is taken only at equal time. Thus two operators in 
commutators are understood to have the same time argument if they have 
x°-dependence.] We give initial operator configurations for the canonical 
fields at = such that they obey the commutators 



TTfix' 



IT, [X 



-i6,,6'''S{x-y) 
Gtix), G%y) 



0. 



(10) 
(11) 



The equations (|^) and (§) determine the canonical fields for all x and the 
solutions G°;{x) and vr"(x) obey (p!0[) and (|ll|) for any 

It is convenient to define the operator fields E^, chro mo-electric field, by 



E^{x)^nt{x) + 9B:{x) 



(12) 



and to write commutators and Heisenberg equations in terms of G", E"-, and 
Bf. Using (0)-([Tg) we obtain 



G^(x ), G%y) 



Btix),G%y) = B1{x),B]{y 



0, 



(13) 
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^r(^), G]{y) 
B]{y ) 



(14) 

ie.,u - y ) - gr^'GrnSix-y)} (15) 

0, (16) 



while the hamiltonian becomes 

1 



H 



dx\-Ef + -Bf-{V,Et)Gl 



Here we have used the equations 



which are the consequences of Bianchi identities 

gM^Aap^^a^ = 



(17) 



(18) 



(19) 



for /i = 0. We have also neglected a surface integral at spatial infinity 
in Eq. (|l^. In this paper we neglect similar surface integrals under the 
assumption that they cannot change the dynamics. The Heisenberg equations 
now read 



G1 
E? 



and 



5f 



H, Ef 



Et + V,Gl 

-eijkVjBl - gf^-'^'GoE^, 
eijkVjEl - gf'^'GQB^. 



(20) 
(21) 

(22) 



Eqs. (pop clearly mean operator fields E^ defined by ([T^ can be identified 



as electric fields Gq^. Eqs. (|2T|) are the operator version of the Yang-Mills 
equations 

Vf.G^^"' = (23) 

for V = i. Eqs. (^), which are consistent with (^ and (pO]), are the spatial 
components of Bianchi identities (p!9|). 
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The time components of the Yang-Mills equations, 

= ViEt = 0, 



(24) 



cannot be satisfied as an operator equation. Instead, it should be interpreted 
as a constraint on the physical states | ) |0, [12| . They are defined by 



g^{x)\) = (25) 
for all a and x with at = 0. Although the time derivative of is not 



zero, 



ga 



H^g" =-gr'^G',g\ 



(26) 



its matrix elements in the physical space are zero. This means (^5]) holds for 
arbitrary x^. 

For the verification of the Poincare invariance, we need one more defini- 
tion. We refer to the hermitian operators that map the physical states into 
the physical ones as physical. A physical operator Oph must satisfy 

[g\x), Oph]| ) = (27) 

for arbitrary a, x and physical | ). This definition means that matrix repre- 
sentation of Oph are block diagonal with respect to the physical space and the 
unphysical space (the orthogonal complement of the physical space). Let us 
refer to sub-matrix of Cph in the physical space as the physical component. 
The operators g"" generate local gauge transformations: they satisfy 

'g\x),Gm] = -^{9r'''G|{mS-y) + S'"'mx-y)}, (28) 

'g\x),E^{y)] = -^gf-^-E'r{y)5{x-y), (29) 

'g\x),Bt{y)] = -zgr'^B'rim^-y), (30) 
and local algebra of gauge group 

y{x), g\y)]=igr'^g\y)5{x-y). (31) 

Thus the gauge invariant operators, the operators that commute with g"", 
are physical. 
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3 The Poincare algebra 



Now we will explicitly show the Poincare invariance of our quantization 
scheme, i.e. we will show the existence of Poincare group representation 
in the physical space. We start with the classical expression of the energy 
momentum tensor 

e^" = -G^'^^G'^^A + ^g'^'Gl^G''^'' (32) 

and examine its properties in terms of the field operators. The corresponding 
operator expressions for 9'^'^ are 

= l{Et{xr + Bt{xr} (33) 

0''ix) = -e^,kl{E]{x)Bt{x) + Bt{x)E^{x)} (34) 

(^''i^) = l5,j{E^ixr + Bt{xr}-E^{x)E^ix)-Bnx)B^{x), (35) 

where we have symmetrized the expression for 6^"^ with respect to the order 
of Ej and B'^ because they do not commute as operator fields; we will use 
the same prescription for handling the order of operators when this becomes 
a problem. satisfy = 9''^ and are hermitian. We will prove that the 
unitary transformations 

A(A, cu) = exp {iX^P^^ + icu^.M^''} , (36) 
defined by the energy-momentum-vector P'^ 

P^ = J dx9°^{x) (37) 
and the angular-momentum-tensor M'"' 

M^" = Jdx (x''9'^''{x) - x''9'^''{x)) (38) 

with real parameters and a;^,^, constitute a representation of the Poincare 
group in the physical space. 
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The operators 6'^'^ are gauge invariant and, thus, physical. They satisfy 
divergence equations 



e^^ + djd^^ = 



(39) 
(40) 



which are the simple consequence of (|2T|) and (|22D. Note that the operators 
EfQ"" are hermitian and physical: Ef and Q"" commute for the same color 
index a no matter what their spatial coordinates are (See Eq. (^91) ). And 
their physical components are zero: 



Eig''\ ) = for any physical | ). 



(41) 



Thus, although some of and M^^ (which have 9*^^ in their expressions) are 
x°-dependent, their physical components are a;°-independent. The unitary 
transformations K{\,uj) then have an unique operation in the physical space 
no matter what time slice in the Minkowski space we use for evaluating the 
integrals (|T7D and (^). 

The evaluation of commutators of 9^'^ with respect to the operator fields 
are straightforward. By Eqs. (|T^)-([T^), we obtain 



e°°(f ), Gliy) 

9'\x), cm 

9'\x), Em 



-iE^{y)5{x-y) 
ieijkB]{y)6{x-y) 
ie,,u{{V,Bl{y))5{x-y\ 



Bl{y)d,5{x - y)] 



9'\x), Etiy] 



9'\x\ Btiy] 



(42) 
(43) 

(44) 
(45) 

-te.,, {{V.Eim 5{x -y)- El{y)d,5{x - y)} 

(46) 



X {{V,^EtmKS-y)-Et{.y)dm5{x-y)} 
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X mBfiy)) 6ix -y)- Bt{y)d,5{x -y)}. (47) 



Using these results, we can calculate the commutators of P^. But these are 
not the commutators the generators of translations should obey; for example, 
from (1^) we get 



(48) 



which has the residual second term on the right hand side. 

A careful inspection on Eqs. (^2[)-(^), however, tells us a simple modi- 
fication on 9^^ gives us a right form for the generators of translations. We 
define 

with hermitian Q^, 



g^{x) = i {g^{x)G''^'{x) + G'"^(a;)^"(x)} 



(50) 



The commutators of O^'^ are then 



e'^ix), am 

~e'\x), G^iy) 
e^'ix), Em 

e''{x), Bm 
e'\x), Bm 



-I {Etm + v^Giiy)} -y)+ ^Gmmx - y), 

(51) 

z {d^Gtm 5{x - y ) - tGmdiSix - y), (52) 
26,,, mBm) Six -y)- BmdA^ - y)} 
+igr''Gl{y)Et{mx-y), (53) 
i{d,Etm5{x-y) 

-i{SkmSii - 6kiSim)Ef{y)dmS{x - y), (54) 

-26,,fc mEm) Kx-y) - EmdA^-y)} 

+igr''G',{y)Bm5{x-y), (55) 
i{dkBt{y))5{x~y) 

-iihjSii - 6kt6ij)Bf{y)dj6{x - y). (56) 
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Thus the operators P^, defined in similar way to ( p7D with 9^^, satisfy 

P^G^(a;)] = -id^Cnx), (57) 
'P>',E1{x)\ = -id^'E^ix), (58) 



(59) 



Since P'^ are not ^^-independent, these relations does not necessarily mean 
P'' are the generators of finite translations. But at least they generate in- 
finitesimal translations for all operator fields. Note that P^ = H so that 
Eqs. (i7|)^(il) for /i = are the Heisenberg equations (|20|)-(p2D. 

It is interesting to notice that M^*^, defined by (|38|) with 6^^'^ replaced by 
6'^'^, also satisfy the commutation relations of the generators for infinitesimal 
Lorentz transformations. Indeed, we obtain 



E^{x) 
M>'\ Bf(x) 



-lA^^^^C^ix) 
-iA^^^'^E^ix) 
-^A^^^^^^Bf(x) 



(60) 
(61) 
(62) 



where we have introduced a compact notation A^^^l for infinitesimal Lorentz 
transformations. They stand for 



for the vector potential and 



^ '^tiu - Xf^X u + XuX +Xxa ^ ^tiv 



aP]^a X 



.["/^l A; 



(63) 



(64) 



for the field strength; xj^^f^ is the anti-symmetric parameter for the 
Lorentz transformations, 

Xlr/^ = - (65) 
Note further that although are not gauge invariant, they are physical: 



g''{x),g'{y) =ig\y)dk6{x-y). 



(66) 
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Thus P'^ and M'^'^ are also physical. 

Now we will prove that physical components of and M^'^ are the same 
as those of P'^ and M'^", respectively. We assume that there is at least one 
vacuum state |0) in the physical space and that it is invariant under spatial 
translations and rotations generated by and M^^ evaluated at = 0. 
Note that finite transformations 

A(A, uj) = exp [tXiP' + iujkM^''} (67) 

do not change the time coordinate when operating on the field operators. 
Thus the infinitesimal form that P* and M^'' satisfy, (|57|)-(|62D, are suffi- 
cient to prove that A represent three dimensional translation-rotation group. 
Under the above assumption we will prove 

g''{x)\)=0 (68) 

for arbitrary physical | ) and x. 

For fi = 0, ( |68D is obvious: since Gq is c-number function, the definitions 
( p5D for physical states and ( |50D for result in it. For fj, = i, the time 
derivative of Q\ 

t^ = -{E1 + d,Gl)g\ (69) 
has zero physical components: 

d*|) = 0. (70) 
Thus we only need to prove (^) at x'^ = 0. Let us write at x° = as 

^^(f) = c^-G^(f)6;"(f), (71) 

where 

d^-l[g'^ix),Gtix)]=l^^Mx) 



(72) 

X = (] 
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Although c* has ill-defined expression and needs an appropriate regulariza- 
tion, it is at most a c- number. Thus we can choose the vacuum |0) in order 
to determine c*: 

^^(x)|0)=c^|0). (73) 

Applying A on both side of this equation and using the assumption that |0) 
is invariant under A, we get c* = R'jC' for an arbitrary SO (3) matrix i?*^; 
that is, c* = 0. Thus the physical components of Q^{x) are zero and and 

or M^*^ and M^*^ have the same physical components. 

Using ([57|)-(|62D and H = P^, we obtain 



H, H 

M°^ H 

jQ-Ofc^ pi 



P\ H 
0, 

^ {S,,P' 
-iP^, 
-iSikH 
% (b,iM 
% [6,kM' 



pj^ pk 



0, 



(74) 



km 



Oi 



(75) 



J dxx^ [x'E^g" - x^E^g' 



(76) 



Since the physical operators have no matrix elements between physical states 
and unphysical states, the relations ([7^)-(|76D are correct for their physical 
components as well. Recall E^g"- has zero physical components. Thus the 
physical components of M^^^{M^^^) and P^{P'^) are x°-independentQ and sat- 
isfy the Poincare algebra. The operations of the unitary transformations 
A(A,ci;) in the physical space are unambiguously determined, and they rep- 
resent the Poincare group. 

^ Although the physical component of M^*^ does not commute with that of H, the 
explicit a;°-dependence in its definition cancel the x^-dependence from the commutator in 
the Heisenberg equations. 
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4 Discussions 



Using the fact that physical components of commute each other, we can 
obtain basis vectors in physical space as eigen vectors of them. Let us refer 
this basis as physical basis. The set of physical basis and operator solutions 
for the operator fields vr"(x) (or E'^{x)) and G"(a;) are the all we need to know 
to make physical predictions. Especially, the matrix elements of physical 
operators with respect to the physical basis are related to gauge invariant 
physical predictions. 

We first discuss about the effect of Gq on physical observables. Since Gq 
is an arbitrary function of the space time coordinate x, it should have intro- 
duced violation of the Poincare invariance had it coupled to a physical degree 
of freedom. Conversely, our manifest construction of the Poincare generators 
implies that physical predictions are independent from the specific config- 
uration of Gq that we fix when we start the quantization procedure. This 
statement is assured by the following two things. 1) The physical basis is 
GQ-independent: they are the eigen vectors of the ^^-independent physical 
component of P'^ and they are determined at = by the initial config- 
urations of vrf and Gf and the parameter 6. 2) The time evolution of the 
physical components of physical operators Cph is Go-independent: Gq can 
only couple through the Heisenberg equation 



ph 



ph 



(77) 



where they always appear in conjunction with Q"", which have zero physical 
components. Thus the matrix elements of Oph with respect to the physical 
basis are Gg-independent. 

Now let us turn to the 6*- dependence. We notice that all the 6'-dependence 
concentrates in the definition of E^, (p!^); although we started with the la- 
grangian with 6'-term, there is no explicit ^-dependence in the commutators 
(|T3|)-(0), hamiltonian (p!7|), or the Heisenberg equations (pOD-(p2D. Thus 
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we will intensively consider the effect of changing 9 in (0). Specifically, we 
take a following picture for this consideration. We think the canonical fields 
7rf(x) (at x° = 0) have ^-independent operations in the Hilbert space as the 
operators that act on the state vectors. The operators E1{x), therefore, have 
^-dependent operations. (See figure 1 where we represent at different val- 
ues of 6 by arrows as they map a state vector to another one.) The physical 
space does not change for all values of 9: because of Eq. (|18|), all the con- 
straints on the physical space for different 6 are identically I^jvrf | ) = 0. Now 
our problem is how physical predictions depend on the ^-dependent initial 
operator configurations E^{x) while the physical space is ^-independent and 
the equations of motion do not have explicit ^-dependence. 
The key for answering this question is a transformation 

T{ip) = e'^" (78) 

defined by the so-called topological charge 

q = J dxK\x 

and real parameter if. Here K'^ is the time component of the current 

= ^''^"^ (^"^A. - ^r'^GtGlGl) (80) 

whose divergence is the Pontryagin density df^K^ = {g"^ / ?)2ti'^)G'^^j^G°'^^ . [This 
divergence equation holds even for the operator fields by simply setting Gg^ = 
E°; and using (^).] T{if) transforms the operator fields (at x° = 0) as 

T{^)Et{x)T{v)-' = Et{x) + -f-^^Bt{x), (81) 
T(¥,)G^(f)T(y,)-i = Gt{x), (82) 



(79) 

0=0 



i.e., it connects the initial operator configurations at 9 with those at ^ + 
Let Oei^x) denote collectively the operator solutions, E°-{x) and G^(x), for 
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the Heisenberg equations with the initial operator configurations at 6. Then 
define 

Oe+^{x) = T{ip)Oe{x)T{ip)-\ (83) 

Oe+<p{x) also satisfies the equations of motion (pO|)-(pTD and has the appro- 
priate initial configurations for 9 + ip. [Note that time evolution of Og+^ is 
governed by the hamiltonian written in terms of Og+i/p themselves.] Thus the 
operator fields at different values of 9 are related by (p3|). 

Next, we consider the effect of changing 9 on the physical basis. The 
operators and M'^'^ are written in terms of (and B^) and, thus, they 
also have 6'-dependent operations. Especially different values of 9 lead us to 
different representations of the Poincare group and different sets of physical 
basis. Obviously, or M^'^ at 9 and 9 + ip are related by 

Pe\, = T{^)Pemv)-\ (84) 
Mi;i^ = T{^)Mi;''T{^)-\ (85) 

Since q is physical, 

2 

[Q\x), q]=^^ I dye,,,id,GtiyMSix-y)=0, (86) 

the transformation T{(f) is unitary within the physical space. Thus physical 
basis at 9 + ip, \ )e+ip, is related to one at 9, \ )e, by 

I ),+^ = T(^)| )e. (87) 

Eqs. (^) and (^^ assert that two theories with different values of 9 yield 
the same physical predictions and have the same physical content. 

The possibility of encountering a physical quantity with a nontrivial 9- 
dependence can only occur if we can further restrict the physical space into 
a smaller subspace where the transformation T{ip) loses its unitarity. By 
the requirement of Poincare invariance, this restricted space must be large 
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enough to retain the Poincare algebra generated by P'^ and M^"^. Usually 
assumed in the literature [Q, ^ ||, 0] is the existence of the "large" gauge 
transformation Q that transforms the operator fields as 

t''flG^(x)Q-^ = h(x)-H^h(x)G''(x) + -h{x)-^dih(x), (88) 

9 

enE^{x)n~^ = (89) 

where t°- is the 3x3 hermitian traceless generators for SU(3) and h{x ) denotes 
a representative of local gauge transformation which has unit winding number 
as a map ^SU(3). Once we have the exphcit fl, we can further restrict 
the physical space by the requirement 

Q\ ) = I ). (90) 

Since Q commutes with Pf^ and M^'^, the Poincare group is representable 
within the physical space further restricted by ( pOD . But Q does not commute 
with q and, thus, T{(p) is no longer a unitary transformation in this restricted 
physical space. 

Q cannot be obtained simply by accumulating infinitesimal gauge trans- 
formations generated by Q"-. Rather, the reason why QCD may have a non- 
trivial ^-dependence is that the large gauge transformation is disconnected 
from those generated by Q"- [0, |l3l. As far as we know, a satisfactory oper- 
ator expression for Q have not been given yet. It is important to construct 
Q explicitly to verify the multi vacua speculation and further examine the 
6'-dependence of QCD. 
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